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Attitude Control of a Reentry Vehicle with Internal Dynamics

Elmar M. Wallner¤ and Klaus H. Well†

University of Stuttgart, 70550 Stuttgart, Germany

A control design for the X-38 reentry vehicle is presented. During a certain phase of reentry � ight, attitude
control has to be accomplished using only two control effectors. This limits the number of controlled variables for
which decoupled tracking can be realized. It is shown that an inappropriate selection of the output gives rise to
unacceptable internal dynamics when applying inversion-based control. Therefore, the zero dynamics are locally
stabilized by means of an output-rede� nition technique. An optimal pole placement enhances the robustness of
the zero dynamics with regard to parametric model uncertainty. Further, a direct adaptive controller using a
cerebellar model articulation controller neural network ensures tracking performance in the rede� ned outputs
in the presence of model uncertainty. Simulation results are presented to con� rm that stabilization of the zero
dynamics, and adequate tracking performance are achieved. Because only a minimal set of control effectors is
used, such a control scheme could represent a contribution toward a less costly return from space.

I. Introduction

F EEDBACK linearization (FBL) has attracted much interest in
� ight-controlresearchover the past 10 years. A comprehensive

treatmentof the theoryof FBL can be found in Ref. 1. When applied
to � ight-control problems, the underlying method is often referred
to as dynamic inversion (DI).2 Variants of DI control include ro-
bust dynamic inversion,3 approximate feedback linearization,4 and
successive dynamic inversion based on timescale separation.5 Ad-
ditionally,conceptsinvolvingneural networks to augment inversion
controllers in a direct adaptive control setting have been proposed.6

An important issue associatedwith the method is internaldynam-
ics.The applicationof DI requires the stabilityof the associatedzero
dynamics,which can occur in the case of input/output linearization.
In terms of linear system theory, unstable zero dynamics (or hidden
modes) occur when DI is applied to a system with right-half plane
transmission zeros (nonminimum phase systems). A tail-controlled
skid-to-turnmissile for example exhibits pronouncednonminimum
phase behavior in its transfer function from � n de� ection to normal
acceleration as illustrated in Ref. 7. In some cases, nonminimum
phase zero dynamics can be cured with approximate feedback lin-
earization techniques as is commonly done in � ight control. Here,
FBL is applied to system dynamics, which are close to the true dy-
namics. The output-rede�nition technique, as introduced in Ref. 8,
offers another very effective approach and aims at stabilizing the
zero dynamics while ensuring asymptotic tracking.

In this paper we deal with the attitude control problem of the
X-38 reentry vehicle. As can be seen from Fig. 1, the X-38 utilizes
different sets of actuators for control. These consist of either pure
reaction control system, pure aerosurfacecontrol, or a mix of both.
We are in particular concerned with the � ight phase where only
the two body � aps (elevons) are available for control. Actually, a
signi� cant portion of the reentry has to be accomplished with this
minimal set of actuators. As will be shown, control of the bank
angle via direct inversion leads to an unsatisfactory,nearly nonmin-
imum phase behavior of the zero dynamics. This then motivates
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a modi� ed approach to dynamic inversion, which is based on the
output-rede�nition technique.An enhancementof robustnessof the
zero dynamics with respect to parametric modeling errors is intro-
duced by means of an optimal pole placement strategy. FBL is then
applied to the system with the newly de� ned output. To ensure the
linearizationof the system’s input/outputbehaviorin the presenceof
unknown model dynamics, a neural-network-based,direct adaptive
control scheme is brought to bear on the approximately feedback
linearized dynamics.

This research adds to the � eld of control in general by providing
a conclusive approach to integrating the notions of dynamic inver-
sion and adaptive control in the presence of internal dynamics. In
our view this control problem is also of general interest because it
provides an illustrative example for the detrimental effects, which
can be caused by internal dynamics and how to remedy such a de-
fect. As for reentry � ight control in particular, the approach we take
is of interest because future return vehicle con� gurations are likely
to bring about similar issues as those posed by X-38. Furthermore,
most research results presented heretoforeon � ight control with in-
ternal dynamics have been restricted to the longitudinalmotion (for
example, see Refs. 7 and 9). Our work brings forward an example
where pronouncedinternaldynamics occur in the lateral/directional
motion.

The paper proceeds as follows: We will � rst recall the essen-
tials of the feedback linearizationmethod and subsequentlydemon-
strate its application to the X-38 dynamics. This is followed by
an elaboration on the output-rede�nition approach and the optimal
pole placement.Next, an outline of the underlyingstability proof of
the adaptive control scheme considering internal dynamics is pre-
sented. Nonlinear simulation results and a discussion conclude the
paper.

II. Dynamic Inversion
Consider a system that is af� ne in the controls:

Px D f .x/ C G.x/u; y D h.x/

where u D [u1 ¢ ¢ ¢ um ]T , y D [y1 ¢ ¢ ¢ ym ]T , G.x/ D
[g1.x/ ¢ ¢ ¢ gm.x/], and h.x/ D [h1.x/ ¢ ¢ ¢ hm .x/]T . The vector
� elds f .x/, g1.x/; : : : ; gm .x/ are assumed to be smooth, and
h1.x/; : : : ; hm.x/ are smooth functions, all de� ned on Rn . Suppos-
ing the system has a vector relativedegree [½1; : : : ; ½m ] at a point x0

and that ½ D
P

½i < n, there exists a local coordinate transforma-
tion Á.x/:x ! .»; ´/ such that the preceding system is transformed
into normal form.1 The m dynamic equations of this normal form,
which depend explicitlyon the controls, can be put in the following
compact representation:

P»½ D b.»; ´/ C A.»; ´/u (1)

846



WALLNER AND WELL 847

Fig. 1 Actuator schedule following entry interface. (Top numbers
indicate dynamic pressure.)

with »½ D [» 1
½1

¢ ¢ ¢ »m
½m

]T . The exact linearizationof the input/output
relationship is achieved with the inversion law

u D A¡1.»; ´/[¡b.»; ´/ C º] (2)

Insertion of Eq. (2) into the normal form yields

P» i
j D » i

j C 1; j D 1 ¢ ¢ ¢ ½i ¡ 1 (3)

P» i
½i

D ºi (4)

Ṕ D q.»; ´/ (5)

yi D » i
1 (6)

with 1 · i · m and ºi being the pseudocontrol of the i th control
channel. Equation (5) represents the so-called internal dynamics.
The design of any meaningful control law for the input/output lin-
earized system dependsfully on the behaviorof the internaldynam-
ics. Assume that for the external dynamics an asymptotic tracking
control law has been designed. It can be shown (see Ref. 10) that, in
the case of a local tracking control problem, local input-to-statesta-
bility(ISS) of the internaldynamics(where » is regardedas the input
to the internal dynamics) is suf� cient to locally guarantee bounded
internal dynamics.

Suf� cient conditions for local ISS of the internal dynamics can,
in turn, be established via the notion of zero dynamics. These are
de� ned as the dynamics of

Ṕ D q.0; ´/ (7)

Assume that the origin ´ D 0 is an equilibrium point of system
(7). Asymptotic stabilityof this equilibriumpoint is then a suf� cient
condition for locally input-to-state stable internal dynamics.10 In
general,systemswith asymptoticallystablezerodynamicsare called
minimum phase systems.

III. Direct Inversion Applied to X-38
The equations governing the rigid-body attitude dynamics of the

vehicle are given as follows. For control design and analysis we
assume an af� ne system as given in Eq. (1) with n D 6 and state
vector x D [® ¯ ¹ p Nq Nr]T . The symbols have the usual � ight
mechanical meanings, which are angle of attack, sideslip angle,
bank angle, roll, pitch, and yaw rate, respectively.The nonstandard
symbols Nq and Nr are used to avoid confusion with standard sym-
bols from nonlinear control theory. The controls are elevator and
aileron: u D [1±e ±a ]T . The drift term f .x/ D [ f1.x/ ¢ ¢ ¢ fn.x/]T

is composed of the following elements:

f1.x/ D Nq ¡ tan¯.p cos® C Nr sin ®/

¡
1

mV f cos¯
.L ¡ mg0 cos ° f cos¹/

f2.x/ D p sin ® ¡ Nr cos ® C 1
mV f

.¡Y¯ ¯ C mg0 cos ° f sin ¹/

f3.x/ D 1
cos ¯

.p cos ® C Nr sin ®/ C tan ¯

mV f
.L ¡ mg0 cos° f cos ¹/

C
tan ° f

mV f
.L sin ¹ ¡ Y¯¯ cos¹/

f4.x/ D L 0
¯ ¯ C

©
p Nq Ix z.Izz C Ix x ¡ Iyy/ C Nq Nr

£
Izz.Iyy ¡ Izz/ ¡ I 2

x z

¤ª
¡
Ix x Izz ¡ I 2

xz

¢

f5.x/ D M 0
®1® C

£
.Izz ¡ Ix x /p Nr C Ix z.Nr 2 ¡ p2/

¤

Iyy

f6.x/ D N 0
¯ ¯ C

©
p Nq

£
I 2

x z C Ix x .Ix x ¡ Iyy/
¤

C Nq Nr Ix z.Iyy ¡ Ix x ¡ Izz/
ª

¡
Ix x Izz ¡ I 2

x z

¢

(8)

We let1® D ® ¡ ®T and 1±e D ±e ¡ ±eT denotedeviationsfrom trim
condition. The trim angle of attack ®T is usually a prescribed func-
tion of Mach number. Because Mach number evolves much slower
than the attitude dynamics, ®T is taken as constant for the purpose
of stability analysis.The trim elevator de� ection ±eT correspondsto
the elevator setting for which the vehicle is free of pitch moment at
trim angle-of-attack conditions. The control distribution matrix is
taken to have the form

G D

2

64
0 L 0

±a

M 0
±e 0

0 N 0
±a

3

75 (9)

In the preceding, m , g0, ° f , V f , L , Y denote vehicle mass, grav-
itational acceleration, � ight-path angle, � ight-path speed, lift and
side forces, respectively.We take ° f , V f , and g0 as constantbecause
thesevariablesevolvemuch slower than the attitudeand angularrate
states. We arrive at the af� ne representation of the system by lin-
early approximating the dependency of the aerodynamic moments
on the states and controlsabout the trim condition.This is justi� able
because all our subsequent analyses will be local and a control law
will be applied, which accounts speci� cally for model errors ensu-
ing from such a linear approximation.Note that we have neglected
the damping derivatives. This is generally a viable assumption for
a lifting body in the hypersonic � ight regime. The effect of the
control effectors on side and lift force will be neglected likewise,
that is, all derivatives of the type Y± and L ± are taken as zero. This
is a common assumption based on the concept of the approximate
FBL technique,4 and the fact that, in general, aircraft control sur-
faces are primarily moment-producing devices. This approach has
proven practicablein many � ight-controlapplications(for example,
see Ref. 5), and it facilitiates the design process. The simulation re-
sults to be presented in this paper con� rm that this also holds true
in the case of X-38. Force effects of the � aps are however included
in the simulation model. The inversion can therefore be exact only
with respect to the simpli� ed model dynamics while being approxi-
mate with regard to the true dynamics. The linear approximationof
the system about its equilibrium is state controllable.

Because only two controls are available (m D 2), we can achieve
decoupled tracking control of only two outputs. In a � rst step we
take the system output as

y D [1® ¹]T (10)

At � rst glance this choice seems reasonable as ® and ¹ are the
key variables to in� uence the reentry trajectoryand are commanded
by guidance algorithms. Because of the neglect of the force con-
tributions of the controls, the system possesses a vector relative
degree [2 2]. Because ½ D 4 is less than the number of states,
dynamic inversion will inevitably lead to internal dynamics. The
transition to normal form is attained with a state transformation
[» T ´T ]T D 8.x/, which is determined by

» D

2

664

1®

f1.x/

¹

f3.x/

3

775 ; ´ D

2

64
¯

p

L 0
±a

¡
Nr

N 0
±a

3

75 (11)

where » D [» 1
1 » 1

2 » 2
1 » 2

2 ]T and ´ D [´1 ´2]T . This transformation
yields a normal form with internal dynamics as in Eq. (5). The
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stability of the zero dynamics is analyzed locally at the equilib-
rium, that is, by checking the system poles of the linearized inter-
nal dynamics. Note that the origin .»; ´/ D .0; 0/ is an equilibrium
point of the unforced (i.e., ±a D 1±e D 0/ dynamics in normal form.
The poles are depicted in Fig. 2 for a nominal reentry according to
NASA’s Cycle 8 reference trajectory.11 As can be seen, the poles
are very lightly damped and even unstable at lower altitudes. Two
numerical examples of the design state matrices and zeros are given
in the Appendix. (The examples include the model simpli� cations
just discussed.) From these zero dynamics we would expect un-
satisfactorybehaviorof the internal dynamics.This is con� rmed by
nonlinearsimulationresults as depicted in Fig. 3. Simulation details
will be given in a subsequent section. An inversion-based tracking
control law [using proportional–integral–derivative (PID) compen-
sators] is designed so that the output tracks a desired bounded and
smooth output:

yd D [1®d.t/ ¹d.t/]T (12)

As can be seen, the bank angle tracking is fairly satisfactory.How-
ever, the maneuver excites the internal system dynamics, which re-
sults in a nearly undamped, though bounded, oscillation in sideslip
angle. Obviously, this is unacceptable as these oscillations would
entail energy-consuming actuator activity, detrimental side heat-
ing of the vehicle, degraded � ight performance, and passenger
discomfort. Therefore, remedial measures had to be taken to ade-
quatelystabilize the zero dynamics.This is detailedin the following
section.

IV. Stabilization of Zero Dynamics
A detailedaccountof the output-rede� nitionmethod from Gopal-

swamy and Hedrick is given in Ref. 8. In our work we apply output-
rede� nition in a similar manner to the X-38 control problem. The
rede� nition proceeds in three steps. In the � rst step the internal
dynamics pertaining to the original output y are identi� ed. This
has already been illustrated in the preceding section. As shown, we

Fig. 2 Poles of unmodi� ed zero dynamics for Cycle 8 reentry trajec-
tory. (Numbers indicate � ight altitude.)

Fig. 3 Step responses of unmodi� ed output for initial altitude h(0) = 60 km (Ma = 18:5).

cannot directly impose a desired transient behavior on the bank an-
gle (because of unacceptable internal stability). Consequently, we
choose to indirectly achieve tracking performance. To this end, in
the second step the relative degree is reduced to one in the lateral
control channel so that the bank angle ¹ becomes a state variable
of the resulting internal dynamics. In the third step the output is
rede� ned in such a way that the zero dynamics are (locally) sta-
bilized. A correspondingly rede� ned reference input in the lateral
channel ensures that adequate tracking performance in bank angle
is retained.

In terms of the normal form coordinates,the original output reads

y D
£
» 1

1 » 2
1

¤T

The systemrelativedegreeis now reducedbymeans of the following
modifed output selection:

S D
µ

1®

P¹ C ·¹

¶
D

"
» 1

1

» 2
2 C ·» 2

1

#

(13)

with design parameter · > 0. (We select · D 1:/ Note that now the
relativedegree is [2 1]. The correspondingdesiredoutput is denoted
by

Sd .t/ D
µ

1®d.t/

P¹d.t/ C ·¹d .t/

¶
(14)

Based on this output, a secondary state transformation is de� ned:

2

64
» 1¤

1

» 1¤
2

» 2¤
1

3

75 D

2

64
» 1

1

» 1
2

» 2
2 C ·» 2

1

3

75 ;

2

64
´¤

1

´¤
2

´¤
3

3

75 D

2

64
» 2

1

´1

´2

3

75 (15)

Note that the bank angle ´¤
1 is now an internal state variable. With

this transformation the system can be represented in the new nor-
mal form. In particular, the correspondinginternal dynamics can be
expanded as

Ṕ¤ D P» ¤ C Q´¤ C a1.»
¤; ´¤/ (16)

where a1.» ¤; ´¤/ contains terms of higher order. In the case that the
output tracks the desired output perfectly, that is, S.t/ D Sd.t/, the
internal dynamics take the form

Ṕ¤
d D P» ¤

d C Q´¤
d C a1

¡
» ¤

d ; ´¤
d

¢
(17)

where

» ¤
d .t/ D [S1d.t/ PS1d.t/ S2d.t/]T (18)

is the desired external state corresponding to the desired output be-
havior Sd .t/. If there exists an acceptable solution ´¤

d.t/ or, equiv-
alently, an initial state such that ´¤

d.t/ is bounded and deemed ac-
ceptable, then we call ´¤

d.t/ the ideal internal dynamics (IID).
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In the precedingwe have modi� ed the original output y to obtain
the output S D [» 1¤

1 » 2¤
1 ]T . We now proceed with the actual rede� -

nition of the output S, which is as follows:

NS D S ¡ K ´¤; K D
µ

01 £ 3

kT

¶
(19)

and k D [k1 k2 k3]T . The desired rede� ned output is taken as

NSd.t/ D Sd.t/ ¡ K ´¤
d .t/ (20)

where Sd and ´¤
d have been de� ned earlier. The dynamics in normal

form corresponding to the rede� ned output can be easily deduced
from the following state transformation:

2

664

N» 1
1

N» 1
2

N» 2
1

3

775 D

2

64
» 1¤

1

» 1¤
2

» 2¤
1 ¡ kT ´¤

3

75 ;

2

64
Ń1

Ń2

Ń3

3

75 D

2

64
´¤

1

´¤
2

´¤
3

3

75 (21)

According to the state transformation (21), the desired output in
Eq. (20) is equivalent to the following desired states:

N»d .t/ D » ¤
d .t/ ¡ K 0´¤

d .t/; K 0 D
µ

01 £ 3

K

¶
(22)

Consider for a moment the idealizedcase of perfect trackingcontrol
so that after � nite time T > 0 perfect tracking in the modi� ed output
is achieved, that is, NS.t/ ´ NSd.t/ or, equivalently, N».t/ ´ N»d.t/ for all
t ¸ T . In this case,8 we can write the dynamics of the error variable
Q́ D Q́ ¡ ´¤

d as

PQ́ D [P K 0 C Q] Q́ C a2.N»d ; ´¤
d ; Q́/ (23)

From this developmentwe can now infer two things. First of all, se-
lecting K to the effect that the eigenvaluesof [P K 0 C Q] have neg-
ative real part ensures locally asymptoticallystable zero dynamics.8

This, in turn, is suf� cient for guaranteeing local ISS of the internal
dynamics. Note that arbitrary pole placement is possible because
of the system’s state controllability.8 Second, Eq. (23) clari� es how
asymptotic tracking is attained. With the adaptive tracking control
law to be presented subsequently,not perfect tracking but, at most,
asymptotic tracking can be attained so that we have NS.t/ ! NSd.t/
asymptotically.In this case the actualdynamics of the error variable
Q́ approach the ideal dynamics (23) asymptotically. Thereby, the
internal dynamics approach the IID asymptotically so that Q́ ! 0.
Given Eqs. (19) and (20), this in turn leads to S.t/ ! Sd .t/ so that
eventually,becauseof the de� nitions in Eqs. (13) and (14), we have
y.t/ ! yd.t/.

A central point is the formulation of the IID because this directly
affects the achievable tracking performance in the original outputs.
Asymptotic tracking as just described can only be achieved if ´¤

d.t/
solves Eq. (17) for some bounded » ¤

d .t/. Because obtaining a gen-
eral solution to this problem can become rather involved,8 we have
chosen to solve Eq. (17) only for the special case of a step input in
bank angle, that is, ¹d.t/ D ¹c with ¹c taken as constant. The cor-
respondingdesired state is then » ¤

d D [0 0 ·¹c]T . The steady-state
solution is one possible solution that we have adopted as the IID.
This selection prevents steady-state tracking errors. Although we
consider only a special case of IID, simulation results have shown
that adequate transient tracking behavior is achieved when the de-
sired bank angle ¹d .t/ actuallyvaries with time. We also found that
the performanceof guidancealgorithms is not compromised by this
procedure.

V. Selection of Zero Dynamics
A main issueof outputrede� nitionlies in the selectionof the mod-

i� ed output,which is determinedby the entriesof K . As mentioned,
we can place the system poles of the zero dynamics by varying the
output parameters k1, k2, k3. Kim and Tahk have proposed an ap-
proach in Ref. 7 that aims at placing the poles so that the sensitivity

of the pole locations with respect to parametric modeling errors is
minimized. We have adopted the basic notion of this approach for
our application. Recall that the coordinate transformation (11) in-
vokedearlier to obtaina normal form representationinvolvedmodel
parameters. These parameters are actually uncertain. Hence, as an
extension to the developmentmade thus far we need to account for
the impact of modeling errors on the state transformation.Consider
again the rede� ned output (19), which, according to the preceding
development, can be written in original coordinates as

y1 D 1®

y2 D P¹ C .· ¡ k1/¹ ¡ k2¯ ¡ k3

¡
Np
¯ OL 0

±a
¡ Nr

¯ ON 0
±a

¢
(24)

The rede� ned output is henceforthdenoted by y. For this output we
de� ne a transformation that leads to a normal form representation
of the system dynamics in the presence of model uncertainty:

» 1
1 D 1®; » 1

2 D f1.x/

» 2
1 D f3.x/ C .· ¡ k1/¹ ¡ k2¯ ¡ k3

¡
Np
¯

OL 0
±a

¡ Nr
¯

ON 0
±a

¢

´1 D ¹; ´2 D ¯; ´3 D Np
¯

L 0
±a

¡ Nr
¯

N 0
±a

(25)

We henceforth let » and ´ denote the transformed state variables.
Essentially, this transformation represents a generalization of the
coordinate transformation we have applied in the preceding sec-
tions. Note that the transformation (25) distinguishes between the
assumed (nominal) model parameters OL 0

±a
, ON 0

±a
and the actual un-

known parameters L 0
±a

, N 0
±a

. In the nominal case, as treated in the
preceding section, these are identical. We assume that the relations
in Eq. (25) represent a local state transformation in a neighborhood
of the equilibrium point for the nonnominal case as well. Closer
examination has shown this to be a valid assumption for expected
parameter variations.

With the preceding transformation we obtain the dynamics in a
normal form representation. The associated internal dynamics are
linearized about the equilibrium, which is the origin of the state
space. The linearized internal dynamics take the general form

Ṕ D P1» C [P1 K 0 C Q1]´ (26)

We introduce the notations P1, Q1 to distinguish the uncertain
system matrices from their nominal counterparts P , Q from the
preceding section.

We arrive at a pole placement strategy as follows: Let the system
poles of the zero dynamics associatedwith the preceding linearized
internaldynamicsbe denotedby ¸k . Further, the right and left eigen-
vectors of the correspondingeigenvalueproblemare representedby
vk and wk , respectively. Now let µ D [µ1 ¢ ¢ ¢ µn p ]T represent the
model parameterswith regard to which we seek to reduce the sensi-
tivityof thezerodynamics.Here,n p denotesthenumberofuncertain
parametersconsidered.The respectivenominalparametervalues,on
the basis of which we have devised the coordinate transformationin
the preceding section, are denoted by Oµ D [ Oµ1 ¢ ¢ ¢ Oµn p ]T . Accord-
ing to Ref. 7, the sensitivity of the nominal pole locations can be
assessed via the following relation:

@¸k

@µ j
D OwkT

@ [P1 K 0 C Q1]
@µ j

Ovk (27)

for k D 1; 2; 3. In the preceding, O̧
k , Owk , and Ovk stand for the nomi-

nal eigenvalues and eigenvectors pertaining to the nominal system
matrices P and Q . The derivatives are to be understood as taken
for the nominal parameter values, that is, µ D Oµ . Equation (27) can
be used to formulate a measure J for the sensitivity of the nominal
pole locations:

J D
n ¡ ½X

k D 1

n pX

j D 1

@¸k

@µ j

³
@¸k

@µ j

¤́

(28)
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Table 1 Constraints for nominal pole locations of zero dynamics

Criterion h · 60 km 60 km < h · 70 km h > 70 km

Minimum damping 0.6 0.6 0.6
Maximum time 1.11 1.43 2

constant, s

Fig. 4 Output parameter schedule for shaping of rede� ned output.

For our particular problem we have chosen n p D 4. The uncertain
parameters we consider are L 0

±a
, N 0

±a
, L 0

¯ , N 0
¯ . Using a standard

sequential quadratic programming algorithm,we minimize the sen-
sitivity of the nominal zero dynamics:

minK 0 J .K 0/

This optimization is conducted for several � ight conditions along
the nominal Cycle 8 trajectory so that, eventually,we obtain a con-
troller encompassing a scheduling of the controlled variables. We
have scheduled the parameters k1, k2 , k3 as a function of Mach
number. Certainly, the scheduling dependency could be extended
to include additional slowly varying scheduling variables such as
dynamic pressure. Because the pole locations in the complex plane
determine the achievable tracking performance, we have extended
theprecedingcost functionalto allowfor a constrainedoptimization.
The constraintspertain to the nominal pole locations in the complex
plane. They are chosen such that the nominal poles are con� ned to
a prescribed area, which is determined by maximum allowed time
constant and minimum allowed damping ratio of the poles as listed
in Table 1. The selection of the boundaries of this area is based on
simulation results obtained for step inputs in the controlled vari-
ables. (Simulation results are presented in a subsequent section.)
Interestingly, for most Mach numbers the poles are placed close to
the corners of the prescribed area corresponding to the maximum
allowed time constantand minimumalloweddamping.Hence, these
conditions imply minimal sensitivity of the nominal pole locations
to model uncertainty.It has been found that demandingoverly small
maximum time constants for very high-altitude� ight conditionsen-
tails a comparably large sensitivity measure J , which impairs ro-
bustness of the closed-loop system. Consequently, the maximum
time constant constraint is relaxed for higher � ight altitudes h. The
outcome of this design procedure, that is, the schedule of the pa-
rameters k1 , k2, k3 , is depicted in Fig. 4. Numerical examples for
two selected � ight conditions are given in the Appendix.

VI. Direct Adaptive Control
Having now de� ned the controlled variables, we proceed with

the design of an input/output linearizing controller. A direct adap-
tive control scheme is applied to ensure that feedback lineariza-
tion is achieved in the presence of modeling errors. It comprises
a cerebellar model articulation controller (CMAC) neural network
to compensate for any inversion errors by adapting the controller
so that the desired response of the controlled variables is recov-
ered. The CMAC consists of receptive � elds that are distributed
overlappingly in the neural net input space.12 Each receptive � eld

Fig. 5 Structure of adaptive inversion controller.

is associated with activation functions in a similar way as in ra-
dial basis function networks. Because each activation function has
a compact support, only a subset of all receptive � elds is excited
by an input to the neural net.12 A block diagram of the controller
is given in Fig. 5. The numbers of the equations pertaining to the
individual blocks are included in the diagram.

Let the desired outputs be bounded according to
®®[y1d.t/ Py1d .t/ Ry1d.t/ y2d .t/ Py2d.t/]T

®® · byd (29)

for some bounded byd > 0. For the modi� ed output as given in
Eq. (24), we de� ne the associated tracking errors

e1 D y1 ¡ y1d (30)

e2 D y2 ¡ y2d (31)

and the � ltered tracking errors

r1 D Pe1 C #e1 (32)

r2 D e2 (33)

with designparameter# > 0. The externalstates of the normal form
are driven by dynamics as formulated in Eq. (1), whereby we arrive
at the standard inversion law

u D OA.»; ´/¡1[º ¡ Ob.»; ´/] (34)

This way we achieve an approximate inversion of the actual plant
dynamicsat most becausethe precedinginversionlaw is foundedon
the nominal dynamics determined by the nominal vector function
Ob.»; ´/ and decoupling matrix OA.»; ´/. The external dynamics of
the true normal form, however, are governed by an equation of the
form

P»½ D Ob.»; ´/ C OA.»; ´/u C 1.»; ´; u/ (35)

where 1.»; ´; u/ is a nonlinearvector function representingmodel-
ing errors.Note that the modelingerrorexhibitsa dependencyon the
controlsu. Because of this dependency,direct adaptivecontrol laws
ensuing from the widely accepted Lyapunov stability proofs suffer
from an inherent � xed-point problem.6 We are currently investigat-
ing a stabilityproof to circumvent the problem that will be reported
elsewhere. For now we resolve the issue by solving the � xed-point
problem within the control algorithm as proposed in Ref. 6. The
pseudocontrol is chosen as

º D º0 C ºb C ºad (36)

in which the nominal pseudocontrolº0 is selected as

º0 D
µ

Ry1d ¡ kc
1r1 ¡ # Pe1

Py2d ¡ kc
2r2

¶
(37)
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with controller parameters kc
1 , kc

2 > 0. The nominal pseudocontrol
is augmented by ºad and ºb , which represent the neural network
output and an adaptive bounding term, respectively. Now de� ne
z D [» ´]T . The CMAC is a linear-in-the-parameters network12; its
output is given by

ºad D ¡ OW T 0.z; º/ (38)

where 0 stands for a vector of activation functions and OW is a
matrix containing the adaptable weights. This equation presents
the just-mentioned � xed-point problem in the variable ºad . Note
that the transformation to normal form (25) requires knowledge of
actual model parameters. Because these are of course unknown,
we are deprived of knowing the complete state vector z. Therefore,
when implemented, the neural net recall equation (38) is driven
by the state in original coordinates x rather than z. The adaptive
bounding is introduced to compensate for network approximation
errors similarly to Ref. 13:

ºbi D Ãi tanh.ri =±/; i D 1; 2 (39)

with design parameter ± > 0. The adaptive terms serve to cancel
the uncertain term 1 in the dynamic equations, thereby ensuring
boundednessof the � ltered error r . The adaptation laws are derived
from Lyapunov stability theory, guaranteeing the ultimate bound-
edness of the trackingerror r D [r1 r2]T and the boundednessof the
network weights OW as well as adaptive bounding parameters Ã .
Note that boundednessof the � ltered error implies boundednessof
the actual tracking error e. The parameter tuning laws are

PÃi D ° [ri tanh.ri =±/ ¡ ¾Ã krkÃi ] (40)

POW D Á
¡
0r T ¡ ¾W krkM0

OW
¢

(41)

where ° and Á denote adaptation rates and the terms associated
with ¾Ã , ¾W > 0 prevent parameter drift. The diagonal matrix M0

hasentries that take the valuesof either1 or 0, dependingon whether
the associated receptive � eld of the CMAC is being excited. A re-
ceptive � eld is regarded as being excited when the neural net input
point lies inside the compact supportof the correspondingactivation
function.Note further that only entries of 0 belonging to an excited
receptive � eld can take nonzero values. The j th entry of 0 and the
j th diagonal element of M0 pertain to the same receptive � eld. As
a result, when a receptive � eld is not excited the weight update
law (41) yields zero for the correspondingtime derivative POW j i . That
way, we ensure that only weights correspondingto excited receptors
are updated at any instant.12 For the sake of conciseness, we omit
the derivation of these update laws and refer to Refs. 12 and 14 for
details. The essenceof the stabilityproof is that the � ltered tracking
error can be proven to be bounded, provided that the state of the
system z remains inside a compact set Ä ½ Rn , where an assumed
approximation capability of the neural network holds. We take the
set Ä to contain the origin. The bound on the � ltered tracking error
can then be written as

krk · br D kr .0/k C "r (42)

where "r > 0 can be made arbitrarily small by choice of controller
parameters. (This is attained foremost by increasing the adapta-
tion rates and the controller gains.) We further need to ensure the
boundednessof the internal dynamics. Toward this, we impose the
following assumptions regarding the zero dynamics.

Assumption: Consider the zero dynamics pertaining to the in-
ternal dynamics (5). The equilibrium point .»; ´/ D .0; 0/ is expo-
nentially stable for all .0; ´/ 2 Ä. The function q.»; ´/ is uniformly
Lipschitz in » so that

kq.»; ´/ ¡ q.0; ´/k · L » k»k; 8z 2 Ä (43)

with Lipschitz constant L » > 0.

This assumption is based on the fact that the output rede� ni-
tion guarantees at least local exponential stability of the nonlinear
zero dynamics under nominal conditions, whereas the robust pole
placement aims at preservingthis stabilitypropertyunderperturbed
conditions.Because the zero dynamicsare taken to be exponentially
stable, there exists, according to a converse Lyapunov theorem (for
example, see Ref. 10), a Lyapunov function V0.´/, so that the fol-
lowing holds:

c2k´k2 · V0 · c1k´k2 (44)

@V0

@´
q.0; ´/ · ¡c3k´k2 (45)

®®®®
@V0

@´

®®®® · c4k´k (46)

with positive constants c1, c2, c3 , and c4 . As implicated by our re-
capitulation of FBL theory, local exponential stability of the zero
dynamicsis a suf� cientconditionforguaranteeingthe local input-to-
state stability of the internal dynamics.Because of the boundedness
of the � ltered tracking error and its de� nition in Eqs. (32) and (33),
the state » is bounded as follows:

k»k · d1ke1.0/k C d2krk C byd

· b» D d1ke1.0/k C d2br C byd (47)

for positive constants d1 and d2. The derivative of V0 along the
trajectories of the internal dynamics takes the form

PV0.´/ D @V0

@´
q.0; ´/ C @V0

@´
[q.»; ´/ ¡ q.0; ´/] (48)

By applying the Lipschitz condition, the converse Lyapunov theo-
rem and Eq. (47), we can infer

PV0.´/ · ¡c3k´k2 C c4k´kL » k»k

· ¡c3k´k2 C c4k´kL »

£
d1ke1.0/k C d2krk C byd

¤
(49)

Thus, we can state that PV0.´/ < 0 whenever

k´k > k´ D .c4=c3/L »

£
d1ke1.0/k C d2br C byd

¤
(50)

This implies that the internal dynamics are bounded as long as krk
is bounded. This, in turn, is ensured by the direct adaptive con-
troller, provided that z 2 Ä. Hence, the boundednessof the internal
dynamics can be put as follows:

k´k · b´ D maxfk´.0/k; k´ C "´g (51)

for some arbitrarily small "´ > 0. For completion of the stability
proof, it can then be shown that if the initial state satis� es z.0/ 2 Ä
then it can be ensured that the state does not escape from the set Ä
(for details see Ref. 14). This is because, according to Eq. (42), the
� ltered trackingerror boundbr in Eq. (42) can be reducedby choice
of controller parameters to the extent that it approaches the initial
tracking error norm kr.0/k. Further, the tracking command bound
byd can be reduced so as to keep the state inside the set Ä.

VII. Simulation
To demonstrate the effectiveness of the proposed controller, we

now present nonlinear simulation results. The aerodynamics and
other parameters of the vehicle are formulated in accordance with
the simulation model developed within the German TETRA re-
search program on reentry technologies.These issues are discussed
in Ref. 15. For simulation in six degrees of freedom, the equa-
tions of motion for a rigid-body vehicle have been formulated for
� ight over a sphericalrotatingEarth.15 A fourth-orderRunge–Kutta
scheme is used to numerically integrate the equations of motion.
The atmosphericdata correspond to that of the Cycle 8 trajectory.11
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Second-order actuator models with a damping ratio of 0.7 and nat-
ural frequency of 26 rad/s are included as well. Note that the aero-
dynamic model includes the features that have been neglected for
control design purposes, that is, aerodynamic damping moments
caused by angular rates as well as the aerodynamic force effects
of the control surfaces are considered in the simulation model. The
controllerparameters are selectedas follows: # D 1:0, kc

1 D 2:0, and
kc

2 D 2:0. These parameters were found to yield adequate tracking

Fig. 6 Step responses for rede� ned output at different altitudes [h(0) = 60 km/Ma = 18.5, h(0) = 50 km/Ma = 13.4, h(0) = 40 km/Ma = 7].

Fig. 7 Tracking of Cycle 8 attitude commands.

performancefor nominal conditions.As for the adaptationlaws, the
followingparametersare chosen:± D 0:1, ° D 20, Á D 1, ¾Ã D 0:01,
and ¾W D 0:01. Separate CMAC networks are implemented in the
longitudinal and lateral control channels as is commonly done by
other researchers.6 In the longitudinalchannel net 16 CMAC recep-
tors are excited at every instant so that the same number of weights
need to be updated at every time step. In the lateral channel this
number is increased to 32.
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Fig. 8 Model errors and neural-network approximation.

Figure 6 shows the response to step inputs in angle of attack
(5-deg step relative to initial ®) and bank angle (10-deg step relative
to initial ¹) commands at different altitudes.The controller accom-
plishes to track the ® as well as the modi� ed output y2 commands.
This leads to satisfactorybank-angle trackingwhile the internal dy-
namics clearly exhibit input-to-state stable behavior. The nominal
performance goal, which is achieved here, was to limit sideslip ex-
cursions to 1 deg in the case of a 10-deg step input in bank-angle
command. This is a signi� cant improvement as compared to the re-
sultsobtainedfor theunmodi� edoutput(seeFig. 3). Figure7 depicts
the results for trackingof a segmentof the Cycle8 attitudecommand
history.This simulation is conductedunder aerodynamicmodel un-
certainties. The nonlinear aerodynamic model utilized allows the
perturbation of stability and control derivatives from their nominal
values. Hence, differences in the actual and the inversionmodel dy-
namicsarise.The impact of theseperturbationswill becomeobvious
from the simulation plots. The simulation commences at an initial
altitude of 62 km (Ma D 20:0) and terminates at 31 km altitude and
a Mach number of Ma D 4:3. The breakdown of the pseudocontrol
in the bottom row plots reveals that the neural-network adaptation
is effective especially during the roll-reversal maneuvers. Despite
the uncertainties, the internal dynamics remain bounded, which in-
dicates that the robust pole placement serves its purpose. This in
turn con� rms that the assumption concerning the local exponential
stability of the zero dynamics is indeed reasonable. In the top row
plots the sideslip angle exhibits larger excursions during the � rst
roll reversal. This is caused by the rapid large angle maneuver and
especially the added effects of the model errors on the closed-loop
system. However, because the sideslip angle is back in the vicin-
ity of 1 deg within short time this is still regarded as acceptable.
Guidance performance has not been found to be affected by this
event. Further, the bank angle shows satisfactory tracking perfor-
mance throughout the � ight. Also depicted are the histories of the
scheduledoutput parameters k1 , k2 , k3 . Recall that we have asserted
that our formulation of the IID is suf� cient for achieving satisfac-
tory tracking performance. Obviously, this is corroborated by the
simulation result. Finally, Figure 8 gives additional insight with re-
gard to the approximation capability of the CMAC neural net. The
model error 1 is compared to the output ºad of the neural net. For
a more conspicuous illustration only a part of the whole simulation
is shown. This part contains the � rst roll reversal that leads to large
model error. In the ideal case the neural net would perfectly cancel
the model error so that 1 C ºad D 0. In the longitudinal (right plot)
as well as lateral (left plot) control channels, the neural net approx-
imation is very close to the exact model error. This guarantees the
good tracking performance seen in the preceding set of plots.

VIII. Conclusions
We have proposed an approach to attitude control of the X-38

reentry vehicle � ying at high angles of attack.Speci� cally, dynamic
inversion was applied as the underlying control method. Because

only two actuators are available for control of the X-38, internal
dynamics are inevitable. It has been shown how to stabilize the zero
dynamics via output rede� nition in conjunction with a robust pole
placement. This in turn has allowed to apply a direct adaptive con-
trol law using neural networks. A theoretical justi� cation for such
a control law in the presence of internal dynamics has been given.
Essentially, the control concept combines notions from nonlinear,
robust, and neural adaptive control.

The proposedapproachis equallyapplicableto otherentryvehicle
con� gurations. For most of the current and prospective con� gura-
tions, rudder-type control effectors are rendered ineffective at high
angles of attack. Furthermore, it is desirable to conserve thruster
propellant by sparing the reaction control systems. This leaves only
aileronand elevator-typeaerosurfacesfor control.Counteractingthe
resulting lack of controls by adding aerodynamic control surfaces
to the airframe might alleviate the problem. However, this measure
is likely to boost structural weight and the overall complexity of the
system. Bearing this in mind, the proposed concept appears partic-
ularly compelling because, by exploiting the available minimal set
of control effectors, it would eventuallyallow for a simpler and thus
a less costly reentry system design.

Appendix: Numerical Design Examples
Some numerical examples for the developments in this paper

are given. Two different � ight conditions for controller design are
considered.The system matrices Alat , Blat , Clat are given for the lat-
eral/directionalmotionwhen linearizedabout theequilibriumso that
Pxlat D Alatxlat C Blatu lat . The controlled variable is y2 D Clatxlat . The
correspondingstate and controlare xlat D [¯ ¹ Np Nr ]T and u lat D ±a ,
respectively.

h = 40 km, ® = 36:44 deg, Ma = 7:06

Alat D

2

6664

¡4:1399e¡3 4:3212e¡3 5:9391e¡1 ¡8:0453e¡1

6:9023e¡5 ¡1:1260e¡4 8:0453e¡1 5:9391e¡1

¡1:8299eC1 0 0 0

2:6969eC0 0 0 0

3

7775

Blat D

2

664

0

0

7:9872eC0

¡2:0942e¡1

3

775

Zeros for y2 D ¹ as controlled variable

¡2:0968e¡3 § 1:6764eC0 j
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Output is rede� ned with parameters

k1 D 2:5844e¡1; k2 D ¡2:5057eC0

k3 D ¡1:3550e¡1; · D 1

Zeros for rede� ned output with Clat D
[2:5057eC0 7:4145e¡1 8:2149e¡1 1:2410eC0]

¡8:9938e¡1; ¡8:9981e¡1 § 1:2306eC0 j

For this case the matrices P and Q as de� ned in the paper are

P D

2

4
0 0 1

0 0 7:7952e¡1

0 0 0

3

5

Q D

2

4
¡1 0 0

¡7:7511e¡1 ¡4:1937e¡3 ¡2:6544e¡1

0 1:0587eC1 0

3

5

h = 70 km, ® = 40 deg, Ma = 24:41

Alat D

2

6664

9:5412e¡6 1:3184e¡3 6:4279e¡1 ¡7:6604e¡1

¡1:0762e¡3 ¡5:0287e¡7 7:6604e¡1 6:4279e¡1

¡2:1733eC0 0 0 0

3:0566e¡1 0 0 0

3

7775

Blat D

2

664

0

0

2:1573eC0

¡6:7575e¡2

3

775

Zeros for y2 D ¹ as controlled variable

4:8580e¡4 § 5:6437e¡1 j

Output is rede� ned with parameters

k1 D ¡2:1004eC0; k2 D 1:1318eC0

k3 D ¡6:6050e¡1; · D 1

Zeros for rede� ned output with Clat D
[¡1:1329eC0 3:1004eC0 1:0722eC0 1:0417eC1]

¡6:9749e¡1; ¡6:9512e¡1 § 9:6802e¡1 j

The matrices P and Q become

P D

2

4
0 0 1

0 0 8:9392e¡1

0 0 0

3

5

Q D

2

4
¡1 0 0

¡8:9260e¡1 9:7161e¡4 ¡9:0594e¡2

0 3:5159eC0 0

3

5
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